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S U M M A R Y  

G. A. Kolton 

3 3 s/., 
The e f f e c t  of a rad ian t  gas on the c h a r a c t e r i s t i c 6  of 

hypersonic f low pas t  a cone is i nves t iga t ed  by t h e  ttboundary layer"  
method developed by Freeman, Cherriyy, Lyubimov and o the r s ,  The pro- 

blem is reduced t o  8 nonlinear  i n t e c r a l  equation f o r  gas entha lpy ,  

obtained in t h e  extreme case of t h e  flow,and the  method for its solu- 
t i o n  is inc?ica.ted. T h i s  so lu t ion  z l l o w s  t o  determine the  shock wave 

curvature  at t ke  l e a d i n g  edge of a cone. 
0 

* 

. 
There are many problems l inked  w i t h  t he  motion of  bodies  in 

a gas at high supersonic  ve loc i ty  where i t  is  indispensable  t o  take 

i n t o  account t he  inf luence  of r a d i a t i o n  heat  exchange between gas 
p a r t i c l e s  on the  p a r m e t e r s  of t h e  f l o r .  The problem of hypersonic 

gas f l o w  pas t  a wedge, t a k i n c  i n t o  account heat  emission, w a s  s t u d i e d  

i n  t h e  work c11, i n  which the au thor ,  assuming the smallness  of radia-  

t i o n  e f f e c t  upon t h e  flow c h e r a c t e r i s t i c s ,  sought t he  s o l u t i o n  of t h e  

problem set  up i n  t he  form of ser ies  by powers of t h e  s m a l l  parameter 

cha rac t e r i z ing  tile r ad ie t ion .  The quest ion of r a d i a t i o n  effect  on f low 

paranetera  i n  the  boundary md Ehock l e y e r s ,  and also on heat  exchange 

in t h e  v i c i n i t y  of the c r i t i c a l  po in t  of a blunt  body wae reso lved  by 

an analogous method i n  t h e  work6 c23, c33, C41 and C51. 

CBTZKANIYX KONUSA GIP3RZVUKOVYM POT0KOI.I NEVPAZKOGO ISLUCHAY USHCHEGO 
GAZA . 
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2. 

In t h e  present work t h e  probiecl of hypersonic r l o w  past a cone 

by a nonviscous r ad ian t  gas i s  considered. For i t s  s o l u t i o n  the  method 

of "boundary layer" ,  developed i n  the  works 163, c71 and [a], has been 
appl ied.  I n  the  extreme case of flow a nonl inear  i n t e g r a l  equation w a s  

obtained f o r  the determination of enthalpy, and the  method f o r  i ts  solu- 

t i o n  i L c  i nd ica ted .  

1. - -.I F'fiOELEIJI'S -_.- --- EqUATIONS ANI) THEIR S O L . E I O N  _--- 

Y!e s h a l l  consider  t h e  eupersonic f low p a s t  a s t r a i g h t  c i r c u l a r  

cone of a gas. A t  high inc iden t  f low v e l o c i t i e s  the  gas, s i t u a t e d  i n  the  

repion between the sur face  of the body and t h e  shock wave, is heated t o  
a texzperature of the  order  of  severa l  thousand degrees. A t  such tempera- 
t u r e s  the r a c i a t i o n  heat exchange between gas p a r t i c l e s  e x e r t s  a substan- 

t i a l  e f f e c t  OE the  parameters of tne flow. For the  s o l u t i o n  of t h e  pro.Uem 

s e t  up one m u s t  i n  t h i s  case r e s o r t  t o  a complete system of hydrodynamic 

equat ions,  t ak ing  i n t o  account the r a d i a n t  f i e l d  c91, [lo] General ly  
speaking, such equat ions include t3e terms cha rac t e r i z ing  the  dens i ty  of 
r a d i a l  energy m d  the  r a d i a t i o n  preccsure. A t  gars temperature s i g n i f i c a n t l y  

below 300000° K, the  ind ica ted  terms are q u i t e  small, and they can be 
neglected witt-out impairing the high degree of prec is ion  . The r a d i a t i o n  

of heated gas w i l l  e x e r t  also influence upon the parameters of t he  i n c i -  

dent flow a t  the erpense of absorption by the  gas, heated i n  the  shock 

l aye r .  Roxever, taking i n t o  account t h a t  t h e  cold atmosphere i s  p rac t i ca l -  

l y  t ransparent  f o r  those frequencies,  i n  which t h e  bulk of energy is emit- 

t e d  by the gas heated i n  the shock l a y e r  t o  temperatures of s e v e r a l  thou- 

sand degrees,  the  ind ica t ed  e f f e c t  can be neglected and one may approxi- 

mately es t imate ,  t h a t  t h e  gas parameters ahead of t he  ehock wave f r o n t  

are the  same a6 a t  i n f i n i t y .  

With the  above assumptions, and t ak ing  i n t o  account t he  r a d i a n t  

f i e l d ,  the  t o t a l  system of equations of gas dynamics, w r i t t e n  i n  dimen- 
s i o n l e s s  form, will take the  form C93: 

o/. . 
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where a is the  half-aperture  ang le  of t h e  cone; x and y me the  coordi- 

na t e s  r e f e r r e d  t o  a c e r t a i n  c h e r e c t e r i s t i c  dimension L ,  with x being 

counted along the  cone's generatr ix  and y - along the  normal t o  i t;  u and 

4 are t h e  ve loc i ty  vec to r  coIcponents, r e spec t ive ly  along t h e  axes x and y, 

r e f e r r e d  t o  t h e  ve loc i ty  of the  inc iden t  f l o w  Vo; 
gas, r e f e r r e d  t o  t h a t  of the  g a  i n  Sncident flow Po: p is t h e  pressure 

02 i n  t h e  flow, referred t o  f " V  ; i is t h e  enthalpy, referred t o  Vo2; q is 

t h e  rate of hea t  inf low a t  t he  erpense of r ad ia t ion  t o  t h e  u n i t  of gas m a s s ;  

Joi is the emission i n t e n s i t y  o f  the  frequency 3 ,  propagating i n  t h e  direc-  
t i o n  ; a is the  ma68 absorption c o e f f i c i e n t ;  B,, is a Plank function. 

9 is t he  dens i ty  of t h e  

The q u a n t i t i e s  J 9 ~  and B4 a re  r e f e r r e d  t o  B,=GT:, and q,+ 

- t o  4943,, a1 r e spec t ive ly ,  where T1 is  the  c h a r a c t e r i s t i c  teapera ture ;  

is t he  c h a r a c t e r i s t i c  absorption coe f f i c i en t .  

Besides,  i t  is here postulated 

For the  s o l u t i o n  of t h e  problem s e t  up, we s h a l l  take advantage 

of t he  "boundary layer"  method, developed i n  a series of works C61, [73 and 

C81. A t  the  same time, we shall l i m i t  ourselves  i n  t h e  p re sen t  work t o  

f ind ing  only t h e  l i m i t  s o l u t i o n ,  t h a t  is, we s h a l l  seek t h e  s o l u t i o n  in t h e  
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mFu39+,iCn, th& the cC%qrsssio. cf g=,S behisd t h e  $mF fs il?fizi+Ue, a= 
t h a t  $=  0. 

l e  s h a l l  introduce t h e  new independent va r i ab le s  
, 

41 x and z = -  
1 ' 
2 
- 

r h e r e  is t h e  cur ren t  function, determined by t h e  equat ions 

$,=, - PrV, $y = QrU 

and t h e  ex is tence  of which is assured by the  con t inu i ty  equation. Then, 
as is not  d i f f i c u l t  t o  see, we s h a l l  have at t h e  s u r f a c e  of the  cone 

z = 0, at t h e  shock wave f r o n t  

of flow between the  shock wave and the  cone su r face  w i l l  have the  shape 
of  a semi- inf ini te  rec tangular  band. 

2; -1, and i n  v a r i a b l e s  ( x ,  z) t he  region 

The t r a n s i t i o n  forffiulas t o  new v a r i a b l e s  ma.,; be w r i t t e n  i n  the  form 

a=cosa, b=sina.  

For t h e  determinetion o f  y ore have the following equation 
I 

I n  the new var iab les  (x, e >  and in t h e  extreme case,  t he  energy 
conservat ion equat ions and t h e  r a d i a l  t r a n e f e r  equations w i l l  take t h e  form 

I n  the  extreme case the q u a n t i t i e s  u, d , p ,  y are determined by - -  - -  
t h e  e q u a l i t i e e  

u=cosa, p=sinta, y=O, o=O. 

L e t  us wri t e  out the boundary condi t ions  f o r  t he  system o f  equa- 

t i o n s  (1.3) : 

a) we shall estimate t h a t  t h e  cone su r face  temperature is given 

and constant  

T =!I& r c o n s t .  
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Then, in t he  assumption t h p t  the cone emits as an absolute  blackbody, we 

where 8 is t he  angle between t h e  d i r e c t i o n s  1 and t h a t  of t h e  axie y. 

c i n g  (1.41, rill be obtained below, 

The boundary condi t ion on t he  su r face  of a nonblack cone, repla- 

b) Shock wave f ron t  : z = 1, I n  t h e  extreme ctme we  have 

(1 3) i=-sslnta=N,. 1 
2 

If w e  neglec t  t he  emission from t h e  inc iden t  f l o w ,  t h e  c o r r e l a t i o n  
x 

&=O T < 8 < l r ,  

wbere  JZ - t he  i n t e n s i t y  of t h e  e n t e r i n g  r a d i a t i o n ,  wi l l  be v a l i d  at 
t h e  shock wave f ron t .  

It is easy t o  see t h a t  t h e  f i r s t  equat ion of t he  system (1.3) 
with t h e  boundary condi t ion (1,5), is equiva len t  t o  t h e  following: 

I n t e g r a t i n g  t h e  equat ion for the raciial t r a n s f e r ,  w e  shall a r r i v e  at  t h e  
express ions  

S u b s t i t u t i n g  (1.7) i n t o  the expression for q ,  we s h a l l  obtain:  
1 



E, = Eo sec a. 

Here it is pos tu la ted  

It is easy t o  denonstrate ,  t ha t  for t he  funct ions El (x) and E 2 ( x )  the 
expressions 

where C is t h e  E i l e r  constant,  are Val-id.  

Taking i n t o  account t3e form of r ep re ren ta t ions  fo r  t h e  func t ions  

E1 ( x )  and E2 ( X I ,  we ~ h ? a l l  seek t h e  s o l u t i o n  of (1.8) i n  the  v i c i n i t y  of 
t h e  po in t  x = 0 i n  t he  form: 

e t h - 1  

The c o e f f i c i e n t s  srn are  deternined at t h e  s u b s t i t u t i o n  of t he  

the  expressions (1.9) i n t o  the equat ion (1.8). For t he  f i r s t  fou r  coef f i -  

c i e n t s  we obtain the  following expressions: 

* / *  . 
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2 - SETTING UP THE PROBLEM OF HYPERSONIC RADIANT GAS ~- -_- - - -  -- - 
FLOW PAST A NONBLACK CONE 

L e t  us int roduce i n  the v i c i n i t y  of a c e r t a i n  poin t  M, ly ing  on 
t he  su r face  of the cone, a l o c a l  s p h e r i c a l  system of coord ina tes  ( c p ,  8 ) 
(Fig. 1). Assume t h a t  a monochromatic r a d i a t i o n  of frequency 9, , propaga- 
t i n g  in the  d i r ec t ion  11, and whose i z t e n s i t y  is J+, , is i n c i d e n t  upon 

the su r face  of the  cone. I f  we denote by tvo t h e  c o e f f i c i e n t  of blackness 

of cone's sur face  f o r  t; e monochromatic. r a d i a t i o n  of frequency PI, t h e  
ouant i ty  (1  -e.,) 4 t l  w i l l  deternine t h e  aggregate i n t e n s i t y  of t he  r e f l e c t -  

ed r a d i a t i o n .  A t  t he  saxce time, i t 7  i n t e n s i t y  i n  t he  frequency 3 and i n  
t h e  propacation d i r e c t i o n  1 w i l l  be deternined by the  expression 

lrv1*,,~~ - % ) J V G I  



8. 

The thus  introduced funct ion Y,,,,J, F i l l  be c a l l e d  r e f l e c t i o n  i n d i c a t r i x .  

From t3e  determinetion of I,, 22 stems 
r e f l e c t i o n  i n d i c a t r i x  

the  normalization condi t ion f o r  t he  
1 1  

+- 5 dv JS L,*l,dQ = 1 ob 

('h) 

It is now easy t o  obtain t h e  bouncary condi t ion on the  s u r f a c e  

of a nonblack cone, rep lac ing  (1.4); i t  has  the form 

I-s 

I n  t:.b exgrezsion the f i rs t  addend aetermines the  i n t e n s i t y  of cone sur- 

f z c e ' s  natural e n i w i o n ,  a n d  the second def ines  the i n t e n s i t y  of r e f l e c t e d  

r a d i a t i o n .  
The form of the  furc t iony+2 is determi- 

ned by t h e  proDert ies  of sur face  material and of 
t h e  surroundinq medium, We s k a l l  subsequently 

asFume t h z t  ~ J , , l i ,  hPs t h e  form 

1 

- 8 -  

' % V , l I ,  - mt'u1r, .  

where KIN, is t h e  Irequency r e f l e c t i o n  i n d i c a t r i x ;  

wil, is the angular r e f l e c t i o n  i n d i c a t r i x .  

Let us consider two extreme case8 : 

1 ,- Specular r e f l e c t i o n ,  when 

mill =.i (TI - 8 10, - (x -e)], 
where 6((p, - ?)* G (0, - ('IC - e)] are dir& funct ions ,  such t h a t  

ss 8(?1 -- ( ~ ) 6  -(= -e)! dQ,= 1. 
(2.) 

In this ca8e (2.1) will take the  form 

I; =a,& * ' +( (1 - ~ v I ) x n , J ~ l l d v , .  (2*3) 
b 

2.- The su r face  of the cone s c a t t e r s  t h e  inc iden t  r d i a t i o g  identically 
i n  a l l  d i r e c t i o n s  ( d i f f u s i v e  re f lec t ion) . -  Then ~ 1 1 ,  =- " and ZX ' 
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For X,, t h e  co r re l a t ion  

+[ %&= 1. 
u 

is v a l i d  in both cases.  If ne assume t h a t  t he  r e f l e c t i o n  from t h e  cone 

s u r f a c e  takes  place w i t h  no frequency v a r i a t i o n ,  then 
r v v ,  = c ( V I  - v), 

Subsequently, for tl-e s i x ? l i f i c a t i o n  01 oGerations , tiie boundary condi t ion  

on cone su r face  w i l l  be wri t ten i n  the  form (2 .2a)  or (2.3a). 
I n t e g r a t i n g  t h e  r a d i a l  t r a n s f e r  eaua t ion ,  tak ing  i n t o  account (2.2a) 

o r  (2.3a), and s u h s t i t u t i n c  the r e s u l t  obtzined i n t o  t h e  e x p r e s ~ i o n  f o r  q,  
w e  s:~all have : 

- f o r  t he  specu la r  r e f l e c t i o n  

q=+ Ja.dv~f3&*(r)+(l -8.1 B.El( t+PW+ 
- i 

I 
I + - ’  1 p+ 

(2.4) 4- B.6 (P. - Odt + BS-1 ( t  - p”) dt - 2B. 

h 

i CV i - f o r  the d i f f u s i v e  r e f l e c t i o n  

q=+ J a& ~~~*(crv)+(l--~.)E,(r.)~ B&(f )d t+  

(23) 
0 u 

14 

+ J ss* (P. - t )  dt + 5 &E, (t - p.)dt - 2B. 
P. 

Analogous. exgressions f o r  tiie case of d i f i u s i v e  r e f l e c t i o n  are 

brought up in c111. 

The e q u a l i t y  (1.6) presents  in conjunction with (2.4) or (2.5) 
t h e  i n t e g r a l  equat ion for t he  determinat ion of enthalpy. The s o l u t i o n  of 
t he  equat ions obtained may be sought for anew in t h e  form (1.9). For t h e  

c o e f f i c i e n t s  of  expansions we s h a l l  have expressione,  analogous t o  (1.10). 

which we s h a l l  omit here  on account of the  cumbersomeness. 
As an example, i l l u s t r a t i n g  the  in f luence  of r a d i a t i o n  upon t h e  

gas parameters i n  the  shock l a y e r ,  we s h a l l  consider  t h e  motion of a 
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righi;  c i r c f i a r  eone w ~ t h  9 half-aperture  angle 

atmosphere at 25kmal t i t ude  and with 

a Mach number M = 30. The computa- 
t i o n  wa.s conducted wi th  t h e  u t i l i -  
z a t i o n  of  t he  air absorpt ion fac tor  

and of t he  degrre of body sur face  

blacknesrs 6, averaged by frequency. 
At t h e  sane time, i t  was assumed 

t h a t  t he  averaged absorpt ion f ac to r  

of t he  gae is not dependent on t e m p e -  
r a t u r e .  

c =35e i n  t he  t e r r e s t r i a l  

m o t t e d  in 2-g. 2 a r e  the  

graphs of t he  funct ion = x ( x ) ,  

where X is a auant i ty ,  charac te r i -  

z ing  t h e  in f luence  of  r ad ia t ion  on 
t h e  garr enthalpy i n  body sur face*$ 

abutment area : 

Vle have chosen f o r  the  c h a r a c t e r i s t i c  temperature T1 t h e  gas 

temperature at  Z = 0 .  I n  t h e  case unZer cons idera t ion  T1 = 6 2OO0K. 

The dependences here constructed are v a l i d  i n  a sEall  neighborhood of 

t h e  n06e cone, f o r  which t h e  te rns  of t he  order  of is11n*n and higher  

a re  neglec t ing ly  s m s l l  by compariqon with ‘ii. 

3. - SXOCK LAVE CUXVATURE AT FOR3ARD POINT OF THZ 

NCSE CONE 

The equat ion (1.2) is ava i l ab le  f o r  t h e  determinat ion of y. 

L e t  UE ap-ply t o  i t  t h e  method 0 2  consecutive approximstions. 
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. 

Tie s h a l l  take for tLe zero  av rox ima t ion  t i e  s o l u t i o n  

~ = ~ = c o s a ;  p = p  =sinaa: r = r , , c x s i n ? :  r=To. 

The quant i ty  70 w i l l  be determined froF t h e  eqaat ion of state c,=z(iu, p,). 

Then, we shall obta in  for y i n  the  first apsroximation 

The shape of the shock wave is determined by t h e  e q u a l i t y  
I 

Expanding the  sub in teg ra l  expression i n t o  s e r i e s  by powere 

k=O, 1, 2, .'., 
m=0, 1, 2, ... , k - 1  

filn'x { 
and i n t e g r a t i n g  termtee, ve sha3.3- find 

Hence K, r h i c h  is t h e  curvature of t he  shock wave i n  t h e  l ead ing  edge, 
can be e a s i l y  determined BE follows : 

(3.1) 

A t  70<1 , v;hich takes plece a t  s u f f i c i e n t  h izh  inc iden t  flow v e l o c i t y ,  
(3.1) t akes  the  forn 

I 
K= @J10 tf? + +- Io + 0 (4. . (3.2) 

It fo l loss  from (3.2) t h a t  the s i g n  of t h e  si-ock wave f r o n t  curvature  

coinoides  wi th  t h a t  of the  cuant i ty  0 

is convex upward if T , < f i ~ ~ ( o , O ) .  and concave upvard if T,>fiTo(O,O), 
where To ( 0 ,  0 )  is t he  tenperature  of gas a t  noee cone f ront .  

From here,  t h e  shock wave 10' 
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It follows from ki.e above-expounded considerat ione,  t h a t  t he  

r a d i a t i o n  of a heated gas i n  the  reyion between t h e  shock wave a n d  t h e  

s u r f a c e  of t h e  cone exerts first of all an i n f luence  on the  temperature,  

h e a t  content and dens i ty  of t h e  gas. The shock wave is d i s t o r t e d ,  and, at 
t h e  same tine,  the  d i r e c t i o n  of convexity in i ts  l ead ing  edge depende on 

t h e  c o r r e l a t i o n s  between the  cone su r face  te;:perature and the  gas tempe- 
rature at  the  advanced po in t  of t he  nose cone. 

Note, t h a t  the  r e s u l t s  obtained can be e a s i l y  extended t o  t h e  

case o f  hypersonic f low of r ad ian t  gas p a s t  an a r b i t r w  peaked body of 

revolu t ion .  

The author  extends h i G  s i n c e r e  thanks t o  A. A, G r i b  f o r  valuable  

d i r e c t i v e 8  and h i 6  useful counsel. 

. 
Consul tants  and DeEigners, Inc. 

Arlington, Vi rg in ia .  
on 13 June 1965 
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